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Fig. 3 Buckling load vs orientation angle of (®/¡¡ ®)5 laminate for
different constitutivemodelscompared to two-dimensionalplate results.

Fig. 4 Buckling load vs width-to-length ratio, 0 < b/l <– 1 for 405 /¡¡ 405-
deg laminate.

Fig. 5 Buckling load vs width-to-length ratio, 1 < b/l <– 50 for
405 /¡¡ 405-deg laminate.

results are seen to tend to the lower bound in Fig. 4 and to the upper
bound in Fig. 5.

The signi� cant difference between the results with and without
shear deformation effect is due to the low l / h( =10) ratio and the
high E11 / G13( =140) ratio, but the same conclusion applies to the
constitutivemodels.

Conclusion
The well-knownplane-strainandplane-stressconstitutivemodels

are unsuitable for composite laminated one-way panels. Cylindri-

cal bending models are much more accurate and appropriate for
presentationof laminated stacking combinations and orientations.
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Introduction

I N recent years, demands on technologicaldevelopment for per-
manent � eld and depot repairs of composite structures have in-

creased considerably. As a result, repair methodologies have been
developed and include a wide range of approaches, from highly
re� ned and structurally ef� cient but expensive � ush-patch repairs
to mechanically attached metal-patch1 ¡ 3 repairs. Flush, scarf-type,
bonded repairs are used on critical, highly loaded components,
where load concentration and eccentricities, especially for com-
pressive loading, must be avoided.2

Design methods for adhesively bonded repairs require crite-
ria to predict both strength and durability. In this study, a three-
dimensionalstress analysis is performedto determine the stresses in
a � ush-scarf-repairedlaminate under uniaxial compression (Fig. 1)
so that predictions can be made of the optimum scarf angle and
likely points of failure.

Scarf Joint and Optimum Scarf Angle
The joint of interest has identical adherends, uses a relatively

brittle adhesive, and has small scarf angles (Fig. 2). For this simple
case, the semiempirical analysis4 predicts that the optimum scarf
angle for a maximum strength joint is a function of the adhesive
shear strength s s and laminate strength r un , given by

h opt
»= tan ¡ 1(0.816s s / r un) (1)

For small h , the failure stress Sg, f of the scarf joint is determined
by the maximum stress failure criterion,

Sg , f = r un / K L = s s / (K A sin h ) (2)
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Fig. 1 Specimen geometry of the � ush-scarf-type bonded repair
(length = 304.8 mm, width = 152.4 mm, R = 25:4 mm, t = 2:27 mm, and
tA = 0:129 mm).

Fig. 2 Schematic of the scarf-joint geometry.

Fig. 3 Failure stress vs scarf angle for the scarf joint and the scarf-
patch-repaired laminate. A characteristic length d0 = 1 mm is used to
correlate the test data.5

where K A and K L are the stress concentration factors (SCFs) in
the adhesive and adherend, respectively. Based on the correlation
with experimentaldata,4,5 K A =2.88 and KL ¼ 2.35, for h ·10 deg.
The load-carryingcapabilities of the adhesive and the adherends in
the joint are plotted in Fig. 3 as a function of scarf angle. The
optimum scarf angle occurs when the adhesive failure load is equal
to the laminate failure load. For the composite system examined
( s s =40 MPa and r un =454 MPa), Eq. (2) results in h opt =4 deg
and a failure stress ¼ 200 MPa, which is more than 40% lower than
the value measured for the scarf-patch repair shown in Fig. 1.

Flush Scarf-Patch Repair
Elastic Finite Element Analysis

The scarf-patch-repaired laminate (Fig. 1) is generally a three-
dimensional problem, which is oversimpli� ed by the scarf joint
model described earlier. In a scarf joint, all loads are transferred
through the adhesively bonded interface. In fact, the parent plate
can still carry load after losing the support of the patch (a plate
with a tapered open hole). Therefore, a three-dimensional stress

analysis together with an appropriate failure criterion should be
performed.

The FE-77 � nite element package6 is used to determine the
three-dimensional stress � eld in the repaired laminate, using an
isoparametric eight-node solid element. Because of the symme-
try of the loading and hole location, only one-quarter of the
plate is modeled. Because a high stress concentration is expected
near the bonded interface, a � ne mesh re� nement is required in
this area. The smallest element size in the radial direction is
0.0125 mm. The Celion/LARC-160 composite laminate and the
patch, [§45/ 0/ 90]2s , are treated as homogeneous,elastic materials
with the same properties5: Ex x = Eyy =53.8 GPa, Ezz =11.3 GPa,
G x y =20.5 GPa, G x z =G yz =4.85 GPa, m x y =0.31, m x z = m yz =
0.19, and compressive strength r un =454 MPa. The epoxy adhe-
sive layer of thickness tA =0.129 mm has the following stiffness
and strength properties5: E =3.40 GPa, G =1.26 GPa, m =0.35,
and s s =40 MPa.

Stress Results
It is found that the dominant stress components are the in-plane

stress r x in the parent laminate and the shear stress s tangent to
the tapered bond surface. The stress contours in the parent plate,
patch, and adhesive layer are plotted for a scarf angle of 3 deg in
Fig. 4. Other in-plane and through-thicknessstress components are
relatively small and could be neglected in the failure load calcula-
tions. A signi� cant r x stress concentrationoccurs at the scarf tip of
the parent plate and the patch, as shown in Fig. 4a. The patch is sub-
jected to relatively low stresses, as shown in Fig. 4b, and the shear
stress in the adhesive is quite uniformly distributed in the radial
direction, as shown in Fig. 4c. The predicted peak stress positions
coincide with those observed experimentally.5

The axial stress distribution r x along the x axis (load axis) has a
steep gradientnear the tip of the scarf (x = R, y =0), suggestingthe
existence of stress singularity, and approaches the applied remote
stress Sg within eight plies (1 mm). Because a mathematical stress
singularityexists at the scarf tip as a result of stiffnessdiscontinuity,
the computed stresses are taken near but not at the tip of the scarf
(Fig. 5). The stressesclosest to the scarf tip are at r ¡ R =0.5 h; that
is, at a distance of 0.0625 mm. As the distance from the tip (r ¡ R)
increases, the in-plane stress r x rapidly decreases.The largest com-
pressive stress concentration factor (K t =1.7) occurs at } =0 deg
(r ¡ R =0.5 h, y =0) and is reduced to 1.06 at } =90 deg (0, R),
compared with 3.6 for the case with an open hole; r x shows no
signi� cant variation along the y axis. Figure 5 suggests that r x is
large in the region ¡ 60 deg · } ·60 deg at r ¡ R < 5 h. The shear
stress s varies mainly in the circumferentialdirection; its maximum
value occurs at } =0 deg along the x axis and becomes zero along
the y axis. Its magnitude is nearly proportional to the scarf angle;
for h =9 deg, s is almost three times higher than the value obtained
for h =3 deg.

Strength Prediction
The stress analysis given here has shown that the dominant stress

components are r x and s for the parent laminate and the adhe-
sive layer, respectively. The maximum stress failure criterion, for
K t =1.7 at distance r ¡ R =0.5 h and r un =454 MPa, predicts a
residualstrengthof 267 MPa, which is » 25% less than the measured
value.5 A SCF value taken at distance r ¡ R =2 h would produce
a better agreement. This suggests that stress redistribution, caused
by material nonlinearities,occurs in the repaired region before � nal
failure,and thatusinganelasticSCF cansubstantiallyunderestimate
the failure load.

Previous work7,8 has shown that the approach for predicting fail-
ure in such laminates is that of averaging the stresses over a dis-
tance from the tip of the scarf, suggesting that the exact values of
the stresses at the tip are not too important. The average stress fail-
ure criterion (ASFC) assumes that failure occurs when the average
stress over a length d0 from the scarf tip equals the ultimate strength
of the material.The averageof the stress component r x is de� ned as

¯r x =
1
d0

Z R + d0

R

r x dx (3)
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a) ¾x /Sg in the parent plate

b) ¾x/Sg in the composite patch c) ¿ /Sg in the adhesive layer

Fig. 4 Finite element stress contours in the scarf-patch-repaired laminate.

Fig. 5 Circumferential distributions of ¾x/Sg in the parent plate for
µ = 3 deg.

Failure in the parent laminate occurs when ¯r x = r un, and similarly
in the adhesive when ¯s = s s .

When a characteristic length d0 =1 mm is assumed, the failure
load of the scarf-patch repair is obtained as a function of the scarf
angle,Fig. 3; for the compositesystemexamined, the optimum scarf
angle is almost 7 deg comparedwith 4 deg obtainedby using Eq. (2)
for the scarf joint.The experimentalstrengthdata5 are in goodagree-
ment with the theoreticalpredictions.This is not surprising,because

adjustableparameterd0 is based on the correlationwith experimen-
tal data; d0 accounts for material nonlinearitiesand plasticity of the
adhesivethat reduce local peak stressesin the repairedregion.These
are stress redistribution mechanisms that are not considered in the
elastic � nite element analysis.

Conclusion
Simple analytical and numerical models were presented to de-

termine the optimum geometry and compressive strength of � ush
composite repairs. To account for material nonlinearities and plas-
tic deformation of the adhesive, the ASFC is used with the � nite
element stress distributions to estimate the ultimate strength of the
three-dimensionalrepaired con� guration. This avoids the need for
a nonlinear analysis, thus saving on computation time and mem-
ory requirements. The simple scarf-joint analysis underestimates
the strength of the scarf patch repair by more than 40% and predicts
an optimum scarf angle of 4 deg compared with an angle of almost
7 deg obtained by the ASFC. A 4-deg scarf angle would remove
too much undamaged material and weaken the repaired laminate.
Adding a safety factor to this value to account for temperature ef-
fects, manufacturing anomalies, fatigue, and endurance life would
reduce h from 4 deg probably down to 1–2 deg, which is extremely
dif� cult to manufacture.
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